a ji δp j δp i in the cotangent bundle, where R ∇ is the Riemannian extension and a ji is a symmetric (2,0)-tensor field on a differentiable manifold.
Introduction
Cotangent bundle of differentiable manifold with a Riemannian extension, which was introduced by Patterson and Walker [11] , was investigated by many authors [2, 3, 4, 7, 12, 17] . Riemannian extension has been developed in several ways. Calviño-Louzao et.al [5] introduced the modified Riemannian extension using a symmetric tensor field of type (0, 2) and studied some geometric applications. Gezer and his collaborators studied the curvature properties and the Kähler-Norden structure with respect to the modified Riemannian extension [8] . Aslanci and Cakan [1] discussed the curvature properties of the deformed Riemannian extension in the cotangent bundle by means of musical isomorphism between tangent and cotangent bundle. Then Salimov and Cakan [13] investigated the deformed Riemannian extension using twin Norden metric.
In this paper, after the introduction and preliminaries, in section 3, we construct a new metric on the cotangent bundle using the Riemannian extension and quadratic differential form m i,j=1 a ji δp j δp i , where δp j = dp j − p h Γ h ij dx j . Then we calculate Levi-Civita connection and components of the curvature tensor for this metric. In section 4, we get the necessary condition for the horizontal lift of any connection on the cotangent bundle to be a metric connection. In section 5, we investigate the geodesics on the cotangent bundle with respect to the new metric. Then we obtain the horizontal lift of a geodesic on (M, g) that does not need to be a geodesic on (T * M, G). In section 6, we investigate the almost para-Nordenian, the para-Kählerian and the para-Nordenian properties of the new metric in the cotangent bundle.
Preliminaries
Let M be an m-dimensional C ∞ -manifold with torsion-free connection ∇ , T * M be the cotangent bundle of M and π : T * M → M be the natural projection. For any local coordinates U, x i , i = 1, ..., m on M , we denote by π −1 (U ) , x i , xī = p i ,ī = m + 1, ..., 2m the corresponding local coordinates on T * M , where xī = p i are the components of the covector p in each cotangent space T * x M, x ∈ U with respect to the natural coframe dx i . Let F (M ) (F (T * M )) be the ring of real-valued C ∞ functions on M (T * M ) and r s (M ) ( r s (T * M )) be the module over F (M ) (F (T * M )) of C ∞ tensor fields of type (r,s).
The local expression of a vector and covector field is given by Z = Z i ∂ ∂x i and θ = θ i dx i in U ⊂ M , respectively. With respect to the natural frame ∂ ∂x i , ∂ ∂xī , then the vertical lift V θ ∈ 1 0 (T * M ) of θ ∈ 0 1 (M ), the horizontal and complete lifts H Z, C Z ∈ 1 0 (T * M ) of Z ∈ 1 0 (M ) are given by
where the coefficients Γ h ij are the Christoffel symbols of the Levi-Civita connection ∇ on M (for details, see [17] ).
In [17] , the adapted frame {ẽ (α) } = {ẽ (j) ,ẽ (j) } is given bỹ
From (2.1), (2.2), (2.3) and (2.4), in the the adapted frame {ẽ (α) }, we see that V θ, H Z and C Z have the following components
(2.7)
By (2.4), we consider local 1-formsη α and vector fieldẽ β in π −1 (U ) given bỹ
(2.9) Also, the set {η α } is the coframe dual to the adapted frame
where
Using (2.4), (2.8) and (2.9), we have the non-zero components of Ω γβ α as follows
where R lji a is the local components of the curvature tensor R of ∇. 
New metric G on T * M
The Riemannian extension R ∇ ∈ 0 2 (T * M ) describes a pseudo-Riemannian metric in T * M . The line element of the Riemannian extension R ∇ is determined by [11, 17] for details). Using the Riemannian extension and the quadratic differential form
ji dx i and a ji denote the components of a symmetric tensor field of type (2,0) on M , we have a new metric
on T * M (for a ji = g ij , see [10] ). From (2.9) and (3.1), in the adapted frame {ẽ (α) }, the metric G has the following components
for any V, Z ∈ 1 0 (M ) and ω, β ∈ 0 1 (M ), whereã is a symmetric tensor field of type (2,0) on M . The (0,2)tensor field on T * M is entirely detected by action on the vector fields of type H Z and V β (see [17, p.280] ). So G is completely determined by the equation (3.3).
From (2.2) and (2.3), we see that the complete lift C Z of Z ∈ 1 0 (M ) is expressed by
Then we say that this metric is completely determined with vector fields of type C V and C Z on T * M (see [17, p.237] ). From (3.5), we obtain the following theorem:
In [17, p.238 and p.277], we know that the Lie bracket for the horizontal, vertical and complete lifts of vector fields on the cotangent bundle T * M of M satisfies the following:
Notes About a New Metric on the Cotangent Bundle Theorem 3.2. Given an m-dimensional manifold (M, g) and its cotangent bundle (T * M, G). In the adapted frame ẽ (α) , the Levi-Civita connection ∇ of the metric G satisfies the following equations:
where R lji s and Γ l ij denote the components of the curvature tensor and coefficients of ∇, respectively.
Proof. It is known that the Koszul formula for ∇ is given by
Using (2.10), (3.2) and the first Bianchi identity for the curvature tensor R, we do standard calculations. Now we use ∇ eα e β = Γ δ αβ e δ with respect to the adapted frame ẽ (α) of T * M , where the coefficients of the Levi-Civita connection ∇ of the metric G are denoted by Γ δ αβ . By using Theorem 3.2, we obtain Corollary 3.1. Given an m-dimensional manifold (M, g) and its cotangent bundle (T * M, G). In the adapted frame ẽ (α) , then the Christoffel symbols Γ δ αβ of ∇ are found as follows:
In the adapted frame ẽ (α) , the covariant derivative ∇ẐV is given by
(3.9)
Using (2.4), (2.5), (2.6), (3.8) and (3.9), we obtain Proposition 3.1. Given an m-dimensional manifold (M, g) and its cotangent bundle (T * M, G). In the following, the Levi-Civita connection ∇ of the metic G provides
Curvature tensor of ∇
Now, we investigate the curvature tensor R of (T * M, G). We get
F. Ocak
where ∇ β = ∇ẽ (β) . The components of the curvature tensor R are defined by
with respect to the adapted frame ẽ (α) .
From (2.10) and (3.8), we find the components of R as follows: Proof. It immediately follows from last equations.
The metric connection with respect to the metric G
We know that the metric connection satisfies∇ G = 0 and has non-trivial torsion tensor. By the definition of the horizontal lift H ∇ of any connection ∇ on T * M , we write
for any V, Z ∈ 1 0 (M ) and ω, β ∈ 0 1 (M ). The torsion tensor T of H ∇ determined by
where R denote the curvature tensor of ∇ and γR (V, [17, p.287 ]. Using (3.3) and (4.1), we have ε) ) and the others are zero. Then we have the following theorem: 
Geodesics on (T * M, G)
Now, let us investigate the geodesics of the (T * M, G). Firstly, let C : x h = x h (t) be a curve in M and ω h (t) be a covector field along C. We suppose thatC is a curve on T * M and locally given by
(5.1)
The horizontal lift of the curve C in M satisfies the equation
h is offered, then there exists a unique horizontal lift given by (5.1).
The differential equation of the geodesic in (T * M, G) is expressed by the form
with respect to the induced coordinates x i , xī = x i , p i in T * M , where t is the arc length of a curve
x B = x B (t) , B = (h,h) in T * M and Γ A CB are components of ∇ defined by (3.8). By using the adapted frame ẽ (α) , we can easily write the equation (5.2). Using (2.8), we get 
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Taking account of the local components of the curvature tensor R, i.e.
and antisymmetry with respect to i and j, we find R (ij)t m = 0. Since R (ij)t m = 0, we have R ijt Let nowC :
Due to the nonvanishing second term of equation ( 
Para-Nordenian structures on (T * M, G)
An almost product structure P ∈ 1 1 (M ) is defined by P 2 = I. Therefore, the pair (M, g) is called an almost product manifold. An almost paracomplex manifold is an almost product manifold (M, P ) , P 2 = I, such that the two eigenbundles T + M and T − M associated to the two eigenvalues +1 and -1 of P , respectively, have the same rank. We know that the dimension of an almost paracomplex manifold has to be even. Using the paracomplex structure F , we get the set {I, P } on M , which is an isomorphic representation of the algebra of order 2, which is defined the algebra of paracomplex (or double) numbers and is given by R (j) , j 2 = 1 [6] .
If a tensor field ϑ ∈ 0 q M 2m satisfies ϑ (P Z 1 , Z 2 , ..., Z q ) = ϑ (Z 1 , P Z 2 , ..., Z q ) = ... = ϑ (Z 1 , Z 2 , ..., P Z q ) for all Z 1 , Z 2 , ..., Z q ∈ 1 0 M 2m , then ϑ is called pure with respect to the paracomplex structure P . By means of the paracomplex structure P and the pure tensor field ϑ, the operator Φ P defined in [16] is (Φ P ϑ) (Y, Z 1 , ..., Z q ) = (P Y ) (ϑ (Z 1 , ..., Z q )) − Y (ϑ (P Z 1 , Z 2 , ..., Z q )) + ϑ ((L Z1 P ) Y, Z 2 , ..., Z q ) + ... + ϑ Z 1 , Z 2 , ..., L Zq P Y , where L Y is the Lie derivative with respect to Y and Φ P ϑ ∈ 0 q+1 M 2m . A tensor field ϑ is called an almost paraholomorphic with respect to the paracomplex algebra R (j), if Φ P ϑ = 0 ( see [9, 15] ).
The pair (P, g) is a para-Nordenian structure where P is an almost paracomplex structure and g is a pure tensor field with respect to P , i.e. g (P V, Z) = g (V, P Z). Then a 2m-dimensional pseudo-Riemannian manifold M with an almost para-Nordenian structure is called to be an almost para-Nordenian manifold. Furthermore, the almost para-Nordenian manifold is para-Kähler (∇ g P = 0) if and only if g is paraholomorphic (Φ P g = 0) (see [14, 15] ).
Given the cotangent bundle T * M with the metric G. A tensor field P ∈ 1 1 (T * M ) is expressed by
for any Z ∈ 1 0 (M ) and θ ∈ 0 1 (M ). By virtue of (6.1), we have P 2 H Z = P P H Z = P − H Z = H Z P 2 V θ = P P V θ = P − V θ = V θ for any Z ∈ 1 0 (M ) and θ ∈ 0 1 (M ), i.e. P 2 = I. Theorem 6.1. The triple T * M, G, P is an almost para-Nordenian manifold.
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Theorem 6.4. The complete and horizontal lifts C Z, H Z ∈ 1 0 (T * M ) of Z ∈ 1 0 (M ) and the vertical lift V ω ∈ 1 0 (T * M ) of ω ∈ 0 1 (M ) are the almost paraholomorphic vector fields with respect to the almost para-Nordenian structure P, G .
